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Abstract. The formal verification of distributed real-time systems is
challenging due to the interaction between the local computation and
the communication between the different nodes of a network. The overall
correctness of the system relies on local properties and timing exchange
of data between components. This requires to take into account the drift
of local clocks and their synchronization. The reference time of local
properties may be given by skewed and resettable (thus non-monotonic)
clocks.
In this paper, we consider automated reasoning over MTLSK, a variant
of MTL over Resettable Skewed Clocks. We focus on metric operators
with lower and upper parametric bounds. We provide an encoding into
temporal logic modulo the theory of reals and we solve satisfiability with
SMT-based model checking techniques. We implemented and evaluated
the approach on typical properties of real-time systems.

1 Introduction

Distributed Real-Time Systems (DRTS) consist of different real-time compo-
nents connected by a communication network. Each component, therefore, re-
sponds to input data or events within a specified period of time or generates
output data or events periodically. The correctness of the overall DRTS de-
pends not only on the logic of the input/output functions but also on the timing
constraints on the data/events. The formal verification of temporal properties of
DRTS is thus very challenging due to the need for reasoning about both commu-
nication and timing constraints. Since local clocks of components are usually not
perfect and drift from each other, DRTS employ various consensus algorithms
to synchronize them.

In formal verification, the properties are typically specified in temporal logics
such as Linear-time Temporal Logic (LTL) [19], which can specify temporal con-
straints on the succession of events or exchange of messages. When dealing with
real-time systems, one of the most popular temporal logics is Metric Temporal
Logics (MTL) [16], which enriches the temporal operators with bounds to con-
strain the time intervals in which formulas must be satisfied. Another variant,
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the Event Clock Temporal Logic (ECTL) [20] uses event clock constraints to
specify bounds on the time since the last time or until the next time a formula
holds. Timed Propositional Temporal Logic (TPTL) [1], instead, uses freezing
quantifiers to compare and constrain time at different points.

When these logics are used to formalize properties of DRTS, they must be
extended in two directions. First, the local properties should use local clocks as
the reference time for the timing constraints. Second, the local clocks should be
possibly skewed and resettable to consider the potential drift and synchronization
of clocks. Therefore, distributed variants of MTL and ECTL use local temporal
operators that refer to local times (e.g., [18]). Moreover, in [4], the logic MTLSK
was introduced where specific variants of the metric temporal operators overcome
the issue of standard operators when the reference time is not monotonic as for
resettable clocks.

In this paper, we address the problem of automated reasoning over MTLSK
properties. We focus on metric operators with either lower or upper parametric
bounds. We consider local properties of DRTS components that use local clocks
that are occasionally reset for synchronization and, so, that may be not mono-
tonic. We use assumptions on drift and synchronization mechanisms to entail
global properties. This compositional reasoning is formalized into MTLSK.

The main contribution of the paper is a procedure that reduces the satisfia-
bility of the new logic to Satisfiability Modulo Theories (SMT) of discrete-time
First-Order LTL [9, 23]. The encoding takes into account that a clock c may
be not monotonic, which implies that interval constraints such as c ≤ p may
be true in disjoint time intervals. Thus, differently from the monotonic case,
it is not sufficient to guess the first point at which a subformula is satisfied.
Guess variables are introduced to predict minimum/maximum values of the lo-
cal clocks, for which subformulas hold. The correctness of the encoding exploits
the assumptions that local clocks, although resettable, are diverging (i.e. do not
converge to a finite value).

We implemented the approach on top of the timed features of nuXmv [8]
using bounded model checking for finding traces and the k-zeno algorithm to
prove the validity of formulas. We evaluated them on typical patterns of real-
time properties real-time systems also showing scalability on tautologies derived
from compositional reasoning.

The remainder of the paper is organized as follows: in Section 2, we describe
a motivating example to explain the kind of automated reasoning addressed in
the paper; in Section 3, we compare our approach with other related work; in
Section 4, we provide preliminary knowledge about first-order LTL and temporal
satisfiability modulo theory; in Section 5, we recall the definition of MTLSK; in
Section 6 we show the reduction to satisfiability modulo theories; in Section 7 we
provide the results of an experimental evaluation of our work; finally, in Section
8, we draw the conclusions and some future directions.
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2 Motivating example

2.1 Semantics with resettable skewed clocks

In this section, we describe the type of compositional reasoning that we address in
this paper. In the following, we use standard LTL operators such as G (always in
the future) and F (eventually in the future), as well as their distributed metric
variants. We informally recall the semantics and refer the reader to the next
sections for a formal definition.

The formula F c≤pb is true in a time point t whenever b holds in some future
point within p time units. The superscript c indicates that the time constraint
must be evaluated using a clock c. Thus b must hold in a point t′ such that
c(t′)− c(t) ≤ p. The dual formula Gc≤pb requires b to be true in all points t′ such
that c(t′)− c(t) ≤ p.

As an example, consider the plot in Figure 1. Let us first refer to the perfect
clock c (black line). The formula F c≤5(y1 ≥ 2) is true in 0 because there is a
point between time 4 and 5 where y1 ≥ 2. For the same reason, the formula
Gc≤5(y1 ≤ 2) (which is equivalent to the negation of the first one) is false. If we
consider instead y2, the formula Gc≤5(y2 ≤ 2) is true.

Let us now consider the skewed clock sc (orange line), which runs too fast
and is reset at points 2 and 5 to approximately the correct value (black line).
If we consider again F sc≤5(y1 ≥ 2), the formula is now false because of the drift
as y1 ≥ 2 should hold before. Note however that thanks to the reset the points
where sc(t) ≤ 5 lie in disconnected intervals, namely [0, 4] and [5, 16/3]. Thus,
while Gc≤5(y1 ≤ 2) is true, Gc≤5(y2 ≤ 2) is false.
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Fig. 1: Examples of real functions, in-
cluding a perfect and a skewed reset-
table clock

To better characterize the in-
tended semantics over non-monotonic
clocks, we consider the variant F

c

≤p
and G

c

≤p introduced in [4], which con-
sider only the first interval where
c(t′) − c(t) ≤ p. Thus, in our exam-
ple, G

sc

≤5(y1 ≤ 2) is true, Gc≤5(y2 ≤ 2)
is true.

Finally, note that we are dealing
with a super-dense model of time,
which augments the interpretation of
time over real numbers with instan-
taneous discrete steps such as resets
and discrete variable updates. Thus,
in the example above, there are two-
time points where the real-time is 2: in
the first point, sc is equal to 3, while
in the second point, due to a reset, sc
is equal to 2 even if real-time does not change. We use the functional symbol next
to refer to next value after a discrete step. For example, the above-mentioned
reset point satisfies next(sc) = sc− 1.
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2.2 Compositional Reasoning Example

Consider a system composed of two components. The first component sends
an alive signal (variable alv) to the second component unless there is a fault
(variable flt). The second component monitors the alive signal and, if absent,
raises an alarm (variable alm). Globally, we expect that if there is a fault, an
alarm is triggered in due time. The components use clocks cl1 and cl2, while the
global clock is cl.

The compositional reasoning is formalized with the following formula:

(G(flt→ Gcl1≤p¬alv) ∧G(Gcl2≤p¬alv → (F cl2≤p alarm))) → G(flt→ F cl≤palm)

The formula is valid if the clocks are not skewed. If instead the clocks diverge,
the formulas Gcl1≤p¬alv and Gcl2≤p¬alv are not equivalent anymore (similarly for

F cl2≤p alm and F cl≤palm). In this case, we need to consider safety margins in the
guarantees of the two components. Let us assume that the error on the clock
derivatives is bounded by ϵ. For simplicity, let us also consider for the moment
no reset. In this case, given=ϵ̃ = 1+ 2ϵ/(1− ϵ), we can prove that the following
formula is valid:

(G(flt→ Gcl1≤pϵ̃¬alv) ∧G(Gcl2≤p¬alv → (F cl2≤p alm))) → G(flt→ F cl≤pϵ̃alm)

Let us now consider resets. Intuitively, assuming that the clocks are reset with
period q and that q is much smaller than p, we can reduce the safety margins.
In particular, the resulting formula is:

(G((Reset(cl1) → next(cl1) = cl) ∧ (Reset(cl2) → next(cl2) = cl) ∧ (¬Reset(cl)
)) ∧GF cl≤q(next(cl) = cl1) ∧GF cl≤q(next(cl) = cl2) ∧ r ≥ q(1 + 2ϵ/(1− ϵ))∧

G(flt→ G
cl1

≤p¬alv) ∧G(G
cl2

≤p−4r¬alv → (F
cl2

≤palm))) → G(flt→ F
cl

≤p+2ralm)

First, note that we use the “first-interval” variants. In fact, we require that
after a fault the alive signal of the first component is down for an interval without
discontinuity; similarly, when the second component sends an alarm it cannot
rely on a future reset and must send it within the first interval in which the local
clock is below the given bound.

Second, let us consider the assumptions on the resets. The first row says that
whenever the clocks cl1 and cl2 are reset, they are set to the value of cl, and
cl is never reset. The second row requires that at most every q time units the
clocks are reset.

Summarizing, the logic addressed by the paper considers metric operators
with parametric upper (or lower) bounds, super-dense semantics, resettable
skewed clocks, and first-order constraints on the clocks and parameters.

3 Related work

Various works customized the modal operators of temporal logics to better suit
the specification of DRTS. TPTL was extended in [24] by using explicitly multi-
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ple local clocks and supporting inequalities to express constraints on the prece-
dence between local clock readings. In [18], a distributed variant of ECTL is
proposed. Similarly, [17] defines a distributed modal logic where the time varies
independently in each component of the system, represented by a network of
timed automata. In all these works, local times are assumed strictly increasing,
thus, not addressing the semantic issues of the temporal operators when the time
is not monotonic.

The problem of modelling DRTS with drifting and synchronized clocks was
considered in [21], where specific patterns of timed automata were proposed and
verified. Similarly, [5] considers the problem of parametrized verification of 8N1
and Biphase Mark protocols with skewed clocks using the SAL model checker
[14]. These works focus on the modelling of clock drifts and synchronizations,
but do not consider the specification of timed properties that refer to skewed
synchronized clocks.

The problem of validating the correctness of drifted clocks synchronization
algorithms have been studied in other works using theorem provers, e.g., [2,22].

The work closer to the problem addressed in this paper is focused on the sat-
isfiability of MTL and TPTL over non-monotonic time, which has been studied
in [7] in the more general context of data words. Timed words are considered a
special case, although [7] considers only discrete time. A decision procedure is
given for the fragment without negation and only temporal operators X and F .
Instead, we address an undecidable fragment of MTLSK with SMT-based model
checking.

Last, we mention [15], which focuses on runtime verification of MTL formulas
in a distributed system. Here, the authors address the problem of monitoring
global properties on all traces that are compatible with a given sequence of
local observations with timestamps taking into account the possible drift of local
clocks. Thus, the metric operators are not, as in our case, used in local properties
and related to local clocks.

4 First-order LTL over discrete or super-dense time

4.1 Discrete and super-dense time

A time model is a structure τ = ⟨T,<,0, v⟩ with a temporal domain T , a total
order < over T , a minimum element 0 ∈ T , and a function v : T → R+

0 that
represents the real-time of a time point in T . A time point is an element of T . A
time interval sequence is a sequence I0, I1, I2, . . . of intervals of reals such that,
for all i ≥ 0, Ii and Ii+1 are almost adjacent (subsequent intervals can overlap
in at most one point) and

⋃
i≥0 Ii = R+

0 .

– In discrete time models, T = N, 0 and < are the standard zero and order
over natural numbers, v(0) = 0 and v(0), v(1), v(2), . . . is a non-decreasing
divergent sequence.

– In super-dense time models, 1) T ⊂ N × R+
0 such that the sequence of sets

I0, I1, I2, . . . where, for all i ≥ 0, the set Ii := {r | ⟨i, r⟩ ∈ T}, is a time
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interval sequence, 2) ⟨i, r⟩ < ⟨i′, r′⟩ iff i < i′ or i = i′ and r < r′, 3)
0 = ⟨0, 0⟩ ∈ N× R+

0 , and 4) v(⟨i, r⟩) = r.

Intuitively, super-dense time models consist of the union of discrete sets of
points in the form ⟨i, r⟩, ⟨i+1, r⟩, . . . (with the same timestamp r) and dense sets
(containing an uncountable number of time points with different timestamps) of
the form ⟨i, r⟩, ⟨i, r′⟩, ⟨i, r′′⟩, . . . (with the same counter i). If ⟨i, r⟩, ⟨i+1, r⟩ ∈ T ,
we say that there is a discrete step in ⟨i, r⟩ and we define a partial function succ
as succ(⟨i, r⟩) = ⟨i+ 1, r⟩ if there is a discrete step in ⟨i, r⟩.

4.2 Linear Temporal Logic

We consider First-Order Linear-time Temporal Logic that we denote as LTL for
short. LTL formulas are interpreted over discrete and super-dense time models.
Following [9], the “tomorrow”3 operator X is generalized to the super-dense
time case and we include its “dense counterpart” X̃. Intuitively, Xϕ holds in t
whenever there is a discrete step in t and ϕ holds in succ(t), while X̃ϕ holds in
t whenever there is no discrete step in t and ϕ holds in a right neighborhood
of t (formally defined below). It should be noted that Xφ is equivalent to ⊥Ũφ
where Ũ is until with the “strict” semantics (in which t′ ≥ t is replaced by t′ > t
in the semantics). ⊥Ũφ disallow t′ to have a point t′′ such that t < t′′ < t′;
thus, t′ must be succ(t). Moreover, X̃φ is equivalent to ¬X⊤ ∧ φŨ⊤: there is
no discrete step and all points t′′ preceding t′ satisfy φ.

First-order formulae are composed of Boolean logic connectives, a given set
of variables V and a first-order signature Σ.

Definition 1. Given a signature Σ and a set of variables V , LTL formulas φ
are built with the following grammar:

ϕ := pred(u, . . . , u) | ϕ ∧ ϕ | ¬ϕ | ϕUϕ | Xϕ | X̃ϕ
u := c | x | next(x) | f(u, . . . , u) | ite(φ, u, u)

where c, f , and pred are respectively a constant, a function, and a predicate of
the signature Σ and x is a variable in V .

Note that atomic formulas can constrain the “current” and “next” value of vari-
ables. We call a predicate with no occurrence of next a state predicate, otherwise
an event predicate. Event predicates are evaluated between two states during dis-
crete transitions, next symbols are evaluated considering the subsequent state
while current symbols are evaluated in the current state.

We use standard abbreviations:
φ1∨φ2 := ¬(¬φ1∧¬φ2), φ1Rφ2 := ¬(¬φ1U¬φ2), Fφ := (⊤Uφ), Gφ := ¬F¬φ.

A state s = ⟨M,µ⟩ is given by a first-order structureM and an assignment µ
of variables of V into the domain of M . Given a state s = ⟨M,µ⟩ and a symbol
c in Σ or variable x ∈ V , we use s(c) to denote the interpretation of c in M and
s(x) to denote the value µ(x) assigned by µ to x. Given M , let VM be the set of

3 Note:“next” is used to refer to next instead of X
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states with first-order structureM . A trace π = ⟨M, τ, µ⟩ is given by a first-order
structure M , a time model τ , and a mapping µ from the domain of τ to VM .
Given a trace π = ⟨M, τ, µ⟩ and t ∈ τ , we denote by π(t) the state ⟨M,µ(t)⟩.
Note that the first-order structure M is shared by all time points, meaning that
the interpretation of the symbols in the signature Σ is rigid (it does not vary
with time). Terms that do not contain variables are called parameters and the
interpretation does not depend on the time point.

We assume a Σ first-order theory T to be given. Given a Σ first-order struc-
ture M , an assignment µ to variables of V , and a Σ first-order formula ϕ over
V , we use the standard notion of ⟨M,µ⟩ |=T ϕ. In the rest of the paper, we omit
the first-order signature Σ and theory T for simplicity.

Given a trace π = ⟨M, τ, µ⟩, a time point t of τ , and a Σ formula ϕ, we define
π, t |= ϕ as follows:

– if α is a state predicate, π, t |= α iff π(t) |= α
– if α is an event predicate, π, t |= α iff there is a discrete step in t and
π(t) · π(succ(t)) |= α

– π, t |= ϕ1 ∧ ϕ2 iff π, t |= ϕ1 and π, t |= ϕ2
– π, t |= ¬ϕ iff π, t ̸|= ϕ
– π, t |= ϕ1Uϕ2 iff there exists t′ ≥ t such that π, t′ |= ϕ2 and for all t′′, t ≤
t′′ < t′, π, t′′ |= ϕ1

– π, t |= Xϕ iff there is discrete step in t and π, succ(t) |= ϕ
– π, t |= X̃ϕ iff there is not a discrete step in t and there exists t′ > t, for all
t′′, t < t′′ < t′, π, t′′ |= ϕ

Finally, π |= ϕ iff π,0 |= ϕ. We say that ϕ is satisfiable iff there exists π such
that π |= ϕ. We say that ϕ is valid iff, for all π, π |= ϕ.

5 MTL with skewed clocks and resets

In this section, we define a variant of the logic MTLSK introduced in [4], where
time constraints of metric operators use parametrized lower and upper bounds,
as described in Section 2. Moreover, we consider only skewed clocks and super-
dense time, and we consider other standard logics as fragments (dense time and
standard metric operators over perfect clocks).

We first formally define some assumptions on the clocks to ensure that, de-
spite the resets, they are diverging. We assume to be given two constants ϵ and
λ that are used as bounds for the drift and resets, respectively.

Definition 2. A “resettable skewed clock” (henceforward, simply, “clock”) is a
real variable c ∈ V such that, for every trace π = ⟨M, τ, µ⟩ and t = ⟨i, r⟩ ∈ τ ,

1. π(t)(c) is differentiable in Ii with
dπ(t)(c)
dt ∈ [1− ϵ, 1 + ϵ].

2. If t is a discrete step |π(succ(t))(c)− ν(t)| ≤ λ.

In particular, the clocks are piecewise continuous and strictly monotonic, with
at most countably many resets where the clock can decrease.
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Definition 3. Given a signature Σ, a set of variables V , and a set of clock
variables C ⊆ V , MTLSK formulas are built with the following grammar:

ϕ :=pred(u, . . . , u) | ϕ ∧ ϕ | ¬ϕ | Xϕ | X̃ϕ | ϕU c◁uϕ | ϕU c▷uϕ | ϕU c◁uϕ

where c ∈ C, ◁ ∈ {<,≤} ,▷ ∈ {>,≥}, and u is defined as in LTL but clock
variables can occur only in event predicates.

Abbreviations are defined as in the standard case.
Note that metric operators use a clock variable in C as its reference for the

timing constraints instead of the real-time, as done in [18] for ECTL.
We just define the semantics of metric operators, while the other cases are

defined as for LTL. We assume here that the background first-order theory con-
tains the theory of reals and that the clock variables and each parametric bound
has real type.
– π, t |= φU c◁pψ iff there exists t′ ≥ t such that π(t′)(c)− π(t)(c)◁ π(p) and
π, t′ |= ψ and for all t′′, t ≤ t′′ < t′, π, t′′ |= φ

– π, t |= φU c▷pψ iff there exists t′ ≥ t such that π(t′)(c)− π(t)(c)▷ π(p) and
π, t′ |= ψ and for all t′′, t ≤ t′′ < t′, π, t′′ |= φ

– π, t |= φU
c

◁pψ iff there exists t′ ≥ t such that π(t′)(c) − π(t)(c) ◁ π(p),
π, t′ |= ψ, and for all t′′, t ≤ t′′ < t′, π, t′′ |= φ and π(t′′)(c)− π(t)(c)◁ π(p)

We recall the theorem proved in [4], which holds also for the parametric variant
proposed here.

Theorem 1. For all trace π, formulas φ, ψ: π |= φU
c

◁pψ ⇒ π |= φU c◁pψ.
If there is no reset (weakly monotonic case),

π |= φU
c

◁pψ ⇔ π |= φU c◁pψ

Also, if there is no drift and no reset, i.e., ϵ = 0 ∧ λ = 0 (perfect clocks), then

π |= φU
c

◁pψ ⇔ π |= φU◁pψ ⇔ π |= φU c◁pψ

Remark. As we discussed in Section 2, the non-monotonicity of the resettable
clocks create some challenges as the time constraints defined by the metric oper-
ators are not simple intervals of R+

0 . In fact, if we consider the formula F c≤psend,
Fig. 2a shows an execution in which send occurs in the near future but the clock
difference is negative.

Most important, as shown in section 2, the time intervals may be discon-
nected. Thus, it is not sufficient to look at the first occurrence of the subformulas,
but we have to consider the minimum value of clocks. Consider for example the
liveness property ϕBR := G(receive(msg) → F c≤1send(ACKmsg)) representing
the bounded response of a component when it receives a message. Fig. 2b shows
an execution where the component receives the message at instant t = 1 while
the local clock exits the time interval bounded by 1 but is later reset to a value
lower than c(t) + 1. The component then sends the acknowledgement for the
message msg within the time constraint and the property holds.



Reasoning with Metric Temporal Logic and Resettable Skewed Clocks 9

Time

Clock value

0 1 2 3 4 5
0

1

2

3

4

5

p
•
i

•
send

(a) This figure shows a run that satisfies
F≤psend with a negative difference of the
clock value

Time

Clock value

0 1 2 3 4 5 6 7
0

1

2

3

4

5

6

7

•

•

rec(msg)

send(ACKmsg)

(b) Example trace satisfying ϕBR with an
ack after a reset

Fig. 2

The key observation here is that it is sufficient to track the minimum value
of c after t where the acknowledgement is sent and check if that is within the
bound. With the operator F

c

≤p instead we can express the property that the ack
is sent within the first interval before t+ p. In this case, we can therefore track
the first point at which the acknowledgement is sent making sure that the time
constraint was not violated before.

6 Encoding and verification

In this section, we define an encoding from MTLSK to first-order LTL. The
encoding is divided into 3 parts: the first part considers a novel intermediate logic
LTL-min-max that can express MTLSK properties through a straightforward
rewriting Υ ; the second part defines a discretization process of LTL-min-max
based on the discretization proposed in [23]; the last part defines an encoding
from LTL-min-max to First-order LTL.

6.1 LTL-min-max definition and rewriting

We construct a new intermediate logic LTL-min-max extending First-order LTL
with minimum and maximum operators. The intuition behind this logic follows
from the remark of Section 5: while the satisfaction of bounded operators in
MTL0,+∞ can be achieved by looking at the value of time in the next occurrence
of the formula, in MTLSK due to non-monotonicity of time we have to analyze
the minimum and maximum time in which the property holds.

Definition 4. Given a signature Σ, a set of variables V , and a set of clock
variables C ⊆ V , LTL-min-max formulas are built with the following grammar:

ϕ :=p(u, . . . , u) | tu ▷◁ cu | ϕ ∧ ϕ | ¬ϕ | ϕUϕ | Xϕ | X̃ϕ
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u :=cu | x | f(u, . . . , u) | ite(ϕ, u, u) | next(u)
tu :=time | c | min∆c

ϕUϕ | f(tu, . . . , tu) | next(c) | max∆c
ϕUϕ | maxbef∆c

ϕ

cu :=p | f(cu, . . . , cu)

where ▷◁∈ {≤,≥, <,>} and clock variables can occur only in event predicates and
in min-max operator superscripts i.e. min∆c

ϕUψ, max∆c
φUψ and maxbef∆c

φ.

Definition 5. The semantics of LTL-min-max new operators is defined as fol-
lows:
If π, t |= φUψ then π(t)(min∆c

φUψ) = min(π(t)(U cφUψ))− π(t)(c)

If π, t |= (φUψ) ∧ ΦfinU then π(t)(max∆c
φUψ) = max(π(t)(U cφUψ))− π(t)(c)

If π, t |= Fφ then π(t)(maxbef∆c
φ) = max(Bef cπ(t, φ))− π(t)(c)

where: ΦfinU := F (¬φ ∨G¬ψ),
π(t)(U cφUψ) :={π(t′)(c)|t′ ≥ t : π, t′ |= ψ and for all t ≤ t′′ < t′ : π, t′′ |= φ},
π(t)(Bef cφ) :={π(t′)(c)|t′ ≥ t : for all t < t′′ < t′ : π, t′′ ⊭ φ}.

π(t)(U cφUψ) represents the value of each π(t
′)(c) such that ψ holds at point t′ and

each point between t and t′ (excluded) satisfies φ. This set takes all the witnesses
of π satisfying φUψ from point t; then, it extracts the value of c at point t′ i.e.
when ψ holds. min∆c

φUψ and max∆c
φUψ represent respectively the minimum

and the maximum of that set. The existence of the minimum of π(t)(U cφUψ) is
guaranteed if φUψ holds. π, t |= φUψ is a sufficient condition because clocks
diverge (see Definition 2) and ψ contains clocks only inside event predicates.
Similarly, the assumptions on max∆ guarantee that the maximum exists if the
property holds and it holds only finitely many times. If ΦfinU does not hold,
then the maximum does not exist because the clock diverges.

π(t)(Bef cψ) is the set containing all clock values from point t to the first point
such that ψ holds after t. maxbef∆c

ψ represents the maximum in that set. Fφ
guarantees the existence of the maximum of that set.

Definition 6. We define the rewriting Υ from MTLSK to LTL-min-max as
follows:

Υ (φU c◁pψ) :=Υ (φUψ) ∧min∆Υ (φUψ) ◁ p

Υ (φU c▷pψ) :=Υ (G(φ ∧ Fψ)) ∨ Υ (φUψ) ∧max∆Υ (φUψ) ▷ p

Υ (φU
c

◁pψ) :=Υ (φUψ) ∧maxbef∆c
Υ (ψ) ◁ p

Theorem 2. φ and Υ (φ) are equisatisfiable

Proof (Sketch). φU c▷◁pψ is true at point t only if there exist a point t′

such that ψ hold, π(t′)(c) − π(t)(c) ▷◁ π(p) and all points from t to t′ sat-
isfy φ. Since min∆c

φUψ and max∆c
φUψ are respectively the minimum/maximum

of the set containing the evaluation of c in each t′ point minus π(t)(c), then
the translation holds. The same applies to φU

c

◁pψ. In that case, the property
holds iff φUψ holds and each value of π(t′′)(c) with t ≤ t′′ ≤ t′ is not greater
than the upper bound π(t)(c) + π(p). Thus, it is sufficient to verify that the
max(π(t)(Bef))− π(t)(c)◁ π(p).
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6.2 LTL-min-max discretization

We apply our discretization process based on the one defined in [23]. The dis-
cretization process defines time evolution as a sequence of open or singular inter-
vals. The discretization process assumes that the satisfiability of each subformula
of ϕ does not vary inside intervals. That assumption is ensured because MTLSK
allows clocks only as part of event predicates.

Singular intervals are encoded by the fresh variable ι while the time elapsed
in each interval is encoded by δ. The real variable ζ encodes an arbitrary accu-
mulation of sums of δ. ζ is used to guarantee the divergence of the global time.
For each skewed clock c, we introduce two fresh variables: δc and diffc . δc en-
codes the clock time elapse in each transition while diffc represents the difference
between the global time and the current clock value c. We encode c using diffc

to guarantee the divergence of c relying on the divergence of global time.
The rewritten formula ϕD is composed of four parts: the constraints defining

time and forcing discrete variables to stutter when time elapses (ψtime), the
constraints defining each clock c according to Definition 2 (ψcclock), the constraint
to define when an interval is open or when it is singular (ψι) and the discretized
formula (D(ϕ)). The whole transformation is as follows:

ϕD :=ψtime ∧
∧
c∈C

ψcclock ∧ ψι ∧ D(ϕ)

ψtime :=time = 0 ∧G(next(time)− time = δ) ∧G(δ > 0 →
∧
v∈V

(next(v) = v))

ψcclock :=diffc = 0 ∧G(next(diffc)− diffc = δc − δ)∧
G((δ > 0 → δc ∈ [δ(1− ϵ), δ(1 + ϵ)]) ∧ (δ = 0 → |diffc | ≤ λ))

ψι :=ι ∧G((ι ∧ δ = 0 ∧Xι) ∨ (ι ∧ δ > 0 ∧X¬ι) ∨ (¬ι ∧ δ > 0 ∧Xι))∧
G((next(ζ)− ζ = δ) ∨ (ζ ≥ 1 ∧ ζ = 0)) ∧GF (ζ ≥ 1 ∧ next(ζ) = 0)

Definition 7. The discretization rewriting D is defined as follows:
D(Xφ) := ι ∧X(ι ∧ D(φ)) D(X̃φ) := (¬ι ∧ D(ϕ)) ∨X(¬ι ∧ D(φ))

D(φUψ) := D(ψ) ∨ (D(φ)Uψ̃) D(maxbef∆c
φ) := maxbef∆c

D(φ)

D(min∆c
φUψ) := ite(D(ψ) ∧ 0 ≤ min∆c

D(φ)Uψ̃
, 0,min∆c

D(φ)Uψ̃
)

D(max∆c
φUψ) := ite(D(ψ) ∧ 0 ≥ max∆c

D(φ)Uψ̃
, 0,max∆c

D(φ)Uψ̃
)

where ψ̃ = D(ψ) ∧ (ι ∨ D(φ)).

Xφ is discretized forcing a discrete transition i.e. ι∧Xι. X̃φ requires that either
φ holds now in an open interval or it holds in the next state in an open interval.
Until forces either ψ to hold now or φ has to hold until ψ holds; moreover, if ψ
holds in an open interval also φ must hold in that point too. The discretization
of min∆c

φUψ and max∆c
φUψ is similar to the one of until. It considers the current

point in the minimum/maximum computation as a candidate min/max and then
applies the discrete operator on the discretized until.

Theorem 3. ϕ and ϕD are equisatisfiable
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6.3 LTL-min-max discrete encoding

The discrete setting enables recursive definitions of minimum and maximum.
Consider for instance the set Sv⊤ which stores the values of variable v at each time
point. π(t)(Sv⊤) can be defined by the following recursive definition: π(t)(Sv⊤) =
{π(t)(v)}∪π(t+1)(Sv⊤). Our discrete encoding of LTL-min-max exploits this in-
ductive structure of U cφUψ and Bef cφ to provide a sound translation to first-order
LTL. Our encoding introduces new monitor variables representing min∆c

φUψ,
max∆c

φUψ and maxbef∆c
φ. Each operator is replaced with the monitor in the

formula and the formula is implied by the monitor constraints.
In the remainder of this section, we denote ρ′ := next(ρ), δc := c′ − c and Ũ

as the “strict” version of U operator (also expressible as φŨψ := φ ∧X(φUψ)
in the discrete setting).

Repl(Ψ,min∆c
φUψ) := G(φUψ → ρmin∆cφUψ

=

ite(ψ ∧ (¬(φŨψ) ∨ 0 ≤ ρ′min∆cφUψ
+ δc), 0, ρ

′
min∆cφUψ

+ δc) ∧
(F (ψ ∧ ρmin∆cφUψ

= 0))) → Ψ⌈min∆c
φUψ/ρmin∆cφUψ

⌋

The value of ρmin∆cφUψ
is evaluated as the minimum only when φUψ holds;

otherwise, min(U cφUψ) would be undefined. The ite expression evaluates the
minimum between 0 and ρ′min∆cφUψ

+δc (min(π(succ(t))(U
c
φUψ)). Finally, F (ψ∧

ρmin∆cφUψ
= 0) guarantees that a minimum exists.

Theorem 4. Ψ and Repl(Ψ,min∆c
φUψ) are equisatisfiable

Repl(Ψ,max∆c
φUψ) := G((φUψ) ∧ ΦfinU → ρmax∆cφUψ

=

ite(ψ ∧ (¬(φŨψ) ∨ 0 ≥ ρ′max∆cφUψ
+ δc), 0, ρ

′
max∆cφUψ

+ δc) ∧
(F (ψ ∧ ρmax∆cφUψ

= 0))) → Ψ⌈max∆c
φUψ/ρmax∆cφUψ

⌋

The encoding of max∆ is the same as the one of min∆ only flipping the sign
and introducing the constraint ΦfinU from definition 5 to evaluate the monitor
only if the maximum exists i.e. the formula holds finitely often.

Theorem 5. Ψ and Repl(Ψ,max∆c
φUψ) are equisatisfiable

Repl(Ψ,maxbef∆c
φ) := G(Fφ→ ρmaxbef∆cφ

=

ite(φ ∨ 0 ≥ ρ′maxbef∆cφ
, 0, ρ′maxbef∆cφ

+ δc)) → Ψ⌈maxbef∆c
φ/ρmaxbef∆cφ

⌋

The encoding of maxbef∆ evaluates the maximum of c before and including the
first point in which φ holds.

Theorem 6. Ψ and Repl(Ψ,maxbef∆c
ψ) are equisatisfiable

7 Results

In this section, we present the implementation and experimental analysis of
the procedure we described in the previous section to prove the validity and
satisfiability of MTLSK formulas.
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Formula Time in sec. λ ϵ alg valid

G(F
c
≤pa → Fc≤pa) 2.81 any any ic3 True

F (c = p) → F (((G
c
≤pa) ∧ (G

c
≥p¬a)) → ⊥) 3.62 any 0.4 kzeno True

(q ≥ p) → G((G
c
≤qa) → (G

c
≤pa)) 0.38 any any ic3 True

Gc≤pa → G(a ∨ c > p) 9.03 any any kzeno True

Gc≤pa → G(a ∨ c > p) 1.09 any any ic3 True

(q ≥ p) → G((Gc≥pa) → (Gc≥qa)) 2.22 any any ic3 True

Φexp := q = p(2 + ϵ) + 2λ ∧ (G(fault → G¬alive) ∧
G(G

cl
≤p¬alive → (F

cl
≤palarm))) → G(fault → F[0,q]alarm)

94.26 14.0 0.1 ic3 True

(G((Reset(cl1) → next(cl1) = cl) ∧ (¬Reset(cl))) ∧
GFcl≤q(next(cl) = cl1)) → G(cl − cl1 ≤ q ∗ (1 + 2ϵ/(1 − ϵ)))

7.05 any any kzeno True

G(f → G
cl1
≤p¬alv) ∧ G(G

cl2
≤p−4r¬alv → (F

cl2
≤palm))) → G(f →

F
cl
≤p+2ralm)

19.86 any any ic3 True

G(Fc≤pa → F
c
≤pa) 0.27 any any bmc False

G((a ∨ Xa) → (Fc≤0a ∧ Fc≥0a)) 0.18 any any bmc False

Bounded Response invalid with 11 clocks 1.36 any any bmc False

Table 1: Some MTLSK properties and their verification results.

7.1 Implementation

We implemented MTLSK verification as an extension of timed nuXmv [8]. We
used the following model-checking algorithms to verify the validity and satisfia-
bility of the formulas: kzeno [11] in lockstep with bmc, ic3-ia [10], bmc [8] (with
diverging variables). The algorithms used inside nuXmv are constructed on top
of MathSAT5 [12] SMT-solver, which supports combinations of theories such as
LIA, LRA and EUF . Unlike the logic definition of Section 5, our implemen-
tation permits the usage of formulas containing clocks in state predicates (e.g.,
G(c − c1 ≤ p) is allowed). Indeed, we introduced continuity constraints of [23]
inside the discretization process to relax this syntactic restriction. Our imple-
mentation considers λ and ϵ constants from Section 5 to instantiate bounds for
resettable clocks. These parameters are defined inside the SMV model either as
scalar values (DEFINE) or as a parameter (FROZENVAR).

7.2 Experimental evaluation

We are not aware of other tools supporting MTLSK or other variations of MTL
over resettable skewed clock; therefore, our experimental evaluation is performed
only on our implementation. The experiments4 were run in parallel on a cluster
with nodes with Intel Xeon CPU running at 2.40GHz with 12CPU, 64GB. The
timeout for each run was one hour and the memory cap was set to 1GB. The
experimental evaluation considers the scalability of the tool concerning λ, ϵ,
formulas size and until bound.

Benchmarks. Our experiment is divided into the following groups:
The first group of formulas is composed of a chain of bounded response (BR)

where each local component i sends to its successor message ai in at most p

4 The results of the experimental evaluation can be found at https://es-static.

fbk.eu/people/bombardelli/papers/nfm23/nfm23.tar.gz

https://es-static.fbk.eu/people/bombardelli/papers/nfm23/nfm23.tar.gz
https://es-static.fbk.eu/people/bombardelli/papers/nfm23/nfm23.tar.gz
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(a) λ evaluation (b) ϵ evaluation

(c) Fischer experimental evaluation (d) BR experimental evaluation

Fig. 3: Parametric experimental evaluations

time unit where p is a parameter and time is interpreted as the local clock ci.
Finally, given a parametrized maximum bound r between local clocks and the
global clock, the bounded response chain guarantees that q = 2n(p + r) is the
right bound for the global bounded response.
G(

∧
0≤i<n ((ai → F

ci
≤pai+1) ∧ (c− ci ≤ r ∧ ci − c ≤ r))) → G(a0 → F

c

≤qan)

The second group of formulas is a Fischer algorithm benchmark taken from [8]
MTL experimental evaluation and adapted for MTLSK. The pool of formulas is
parametrized over the number of components. Each component has its skewed
clock and a local formula representing its behaviour, the conjunction of all the
formulas is used to imply a property of the first component.

The third group of formulas are a variation of the example proposed in Sec-
tion 2 that instantiates the parameters p, λ and ϵ to study their impact on the
validity checking performance. We also considered a timed and simplified version
of a Wheel Brake System model of [13]. Given a redundant signal of the brake
pedal, a redundant braking component, the property states that the hydraulic
system should brake before a specified time threshold if the redundant compo-
nents do not fail at the same time. This property has been translated to MTLSK
and each component has been augmented with a local clock.
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The last group is a collection of roughly 100 MTLSK specifications, 60 valid
and 40 invalid, defined to validate the semantics and the implementation.

Experimental results. Table 1 shows the results on a subset of formulas. The
solver proves most of the tautologies of group 4 in less than 10 seconds and 38
properties were proved in less than 2 seconds. All the invalid properties of this
group were disproved in less than 2 seconds with the bmc algorithm. Moreover,
we performed an experimental evaluation using the example defined in Section 2.
We were able to prove the example by splitting the property into two parts. First,
we proved that q is an upper bound for the maximum distances between c and
c1 if c1 is synchronized to c every r time unit. Second, we proved that assuming
a maximum distance between c and the other clocks the property holds.

The experiments on λ and ϵ pointed out the instability brought by instanti-
ating these parameters to an arbitrary value. In particular, figure 3a and figure
3b show the impact of the two constants increasing their values. The plots show
a strong instability with jumps in execution time with both λ and ϵ.

Figure 3c shows the experimental evaluation of the Fischer algorithm formula.
The IC3 algorithm proves the correctness of the formula with 11 components
in less than one hour. Figure 3d shows the Bounded Response experimental
evaluation. No algorithm can prove the formula with 6 components. Indeed, this
model is challenging because to prove that the global component sees an before
q time units we need to ensure that each component skewed does not delay too
much the response. Moreover, this model is parametrized over λ, ϵ, p and r; thus,
the solver needs to explore a larger state space.

8 Conclusions

In this paper, we addressed the problem of automated reasoning with MTLSK
properties, a variant of MTL for DRTS with local clocks that are skewed and
resettable. To cope with the non-monotonicity of timing constraints in the pres-
ence of resets, we introduce min/max operators that guess the min/max value
of clocks when subformulas are satisfied. We described and implemented an
encoding into LTL satisfiability modulo theory. The results show that the ap-
proach is feasible and can be used to assess the validity of formulas for different
configurations of the skewed resettable clocks. In the future, we would like to
investigate more efficient techniques to find counterexamples based on bounded
model checking with different clocks as in [6]; we would study the impact of non-
monotonic resets on the compositional reasoning with input/output data [3]; we
would like to cover a deeper case study concerning real life examples such as
8N1 protocol and Biphase Mark protocol; we would like to relax the constraints
of resettable clocks to match more realistic assumptions on the system; finally,
we would extend distributed runtime verification as in [15] to MTLSK.
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A Proofs

A.1 Proof of theorem 2

Proof. We prove the theorem inductively on the length of the formula.

Base case: Base case is trivial since the formulae are equal, and thus, they are
also equisatisfiable.

Inductive case: We ignore homomorphic transformations since they trivially
holds.

– φU c◁pψ:
π, t |= φU c◁pψ ⇔ ∃t′ ≥ t.π, t′ |= ψ and π(t′)(c) − π(t)(c) ◁ p and ∀t < t′′ <
t′ : π, t′′ |= φ. By U set definition π(t)(U cφUψ) ̸= ∅ ⇔ π, t |= φUψ.
If π, t ⊭ φUψ then both the formulae are not satisfied. If π, t |= φUψ then
π, t |= φU c◁pψ ⇔ ∃cv ∈ U cπ(t, φ, ψ) s.t. cv − π(t)(c) ◁ p. Since c diverges
(i.e. ∀t, ∃t′ ≥ t s.t. π(t′)(c) > π(t)(c)) and by assumption λ bounds the reset
lower value that could be reached, min(U cπ(t, φ, ψ) is defined. Since min
is the smallest value of the set, then ∃cv ∈ U cπ(t, φ, ψ) s.t. cv − c ◁ p ⇔
min(U cπ(t, φ, ψ)) − c ◁ p ⇔ π, t |= min∆c

φUψ ◁ p. By induction hypothesis
φ and Υ (φ) are equisatisfiable, ψ and Υ (ψ) are equisatisfiable; thus, · · · ⇔
π, t |= min∆c

Υ (φUψ) ◁ p.

– φU c▷pψ: If π, t |= G(φ∧Fψ) then there are infinitely many t′ > t s.t. π, t′ |=
ψ and π(t′)(c) − π(t)(c) ▷ p and ∀t ≤ t′′ < t : π, t′′ |= φ (because clock
diverges). Thus, if π, t |= G(φ ∧ Fψ) both properties holds. As for ◁ case,
if φUψ does not hold, then both properties are falsified. The remain of this
case is equal to the ◁ case (just replace min with max).

– φU
c

◁pψ: If π, t ⊭ φUψ then neither φU
c

◁pψ nor φUψ∧maxbef∆c
υ(φ)◁p holds.

If π, t |= φUψ, then π(t)(maxbef∆c
ψ) = max(π(t)(Bef cψ))− π(t)(c). By U

c

◁p

definition, π, t |= φU
c

◁pψ ⇔ π, t |= φUψ and ∀cv ∈ π(t)(Bef cψ)cv − c◁ p ⇔
max(Bef cψ) − c ◁ p ⇔ π, t |= maxbef∆c

ψ ◁ p. (Similarly to the previous
cases, all the points are below the threshold iff their maximum is below that
threshold).

A.2 Proof of theorem 4

We need to prove that for all π, for all t: π(t)(min∆c
φUψ) = π(t)(ρmin∆cφUψ

). We

need to prove that π(t)(ρmincφUψ
) = min(π(t)(U cφUψ)) − π(t)(c) (min is granted

to exists because the set is not empty and definition 2 prevents the clocks from
resetting below time -λ).

Let mt = min(π(t)(U cφUψ)) and mδt = mt − π(t)(c)

Either mt = π(t)(c) or mt = mt+1.
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If mt = π(t)(c) then ψ holds and either π, t ⊭ φŨψ or mt ≤ mt+1.

If mt = mt+1 then either π, t ⊭ ψ or π(t)(c) > mt+1

Thus, π(t)(mt) = π(t)(ite(ψ ∧ (¬(φŨψ) ∨ π(t)(c) ≤ mt+1), c,mt+1).

We derive the formula in term of mδi :

mδi = ite(ψ ∧ (¬φŨψ ∨ c− c ≤ mδi+1+

next(c)− c, c− c,mδi+1 + next(c)− c) =

ite(ψ ∧ (φŨψ ∨ 0 ≤ mδi+1 + δc, 0,mδi+1 + δc))

By replacing mδi with ρmin∆cφUψ
we obtain

ρmin∆cφUψ
= ite(ψ ∧ (¬(φŨψ) ∨ 0 ≤ ρ′min∆cφUψ

+ δc, 0, ρmin∆cφUψ
+ δc))

Finally, if π, t |= F (ψ ∧ ρmin∆cφUψ
= 0) then π(t)(min∆c

φUψ) = π(t)(ρmin∆cφUψ
)

A.3 Proof of theorem 5

Same as theorem 4.

A.4 Proof of theorem 6

We need to prove that for all π, if π, t |= Fφ, then π(t)(maxbef∆c
φ) = π(t)(ρmaxbef∆cφ

).

– Since Fφ is satisfied then Bef cπ(t, φ) is a finite (π is a discrete trace) and not
empty. We prove it by induction. π(t)(ρmaxbef∆cφ

= max(Bef cπ(t+ 1, φ)− c
Base: π, t |= φ. Bef cπ(t, φ) = {π(t)(c)}; thus, max(Bef cπ(t, φ) = π(t)(c).
Thus, π(t)(maxbef∆c

φ) = 0. Since π, |= φ, then π(t)(ρmax befcφ
) = 0. (if then

else).
Inductive case: Since π, t ⊭ φ and π, t |= Fφ, then Bef cπ(t, φ) = {π(t)(c)} ∪
π(t+1)(Bef cφ)}. Thus,max(Bef cπ(t, φ)) = max(π(t)(c),max(π(t+1)(Bef cφ))).
By induction hypothesis: π(t+1)(ρmaxbef∆cφ

) = max(π(t+1)(Bef cφ)). Thus,
if 0 ≥ ρ′maxbef∆cφ

+ δc then π(t)(c) is the max. Otherwise π(t + 1)(c) is the

maximum (as shown by ite expr.).

A.5 Proof of theorem 3

We use the proofs described in [9] and [23] with the difference that since in our
case clocks can occur only inside event predicates, we do not need continuity
constraints.

Therefore, we need to extend the inductive proof for D to min∆,max∆ and
maxbef∆.

Subsequently, we consider the notation of [9] where σ represents the timed
trace, σD the discrete trace, ti represents the point in the timed trace represented
by the interval ti and i as its discrete point counterpart.
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– min∆. Suppose that σ, ti |= φUψ. σ(ti)(min∆c
φUψ) = min(σ(t)(U cφUψ)).

σ(ti)(U
c
φUψ) = {σ(t′)(c)|t′ ≥ t and σ, t′ |= ψ and ∀t ≤ t′′ < t′ : σ, t′′ |= φ}).

· · · = {σ(ti)(c)if σ, ti |= ψ} ∪ {σ(t)(c)|t′ > tiπ, t
′ |= ψ and ∀ti ≤ t′′ <

t′σ, t′′ |= φ}. By induction, t′ ∈ Ij for some j. Since σ is fine, σ, tj |= ψ and if
tj is open then σ, tj |= φ. Thus, · · · = {σD(i)(c)}∪σD(i)(U cD(φ)U(D(ψ)∧(ι∨D(φ))))

if σD, i |= D(ψ). Otherwise, · · · = U cD(φ)U(D(ψ)∧(ι∨D(φ))). Thus, the dis-

cretization is correct (ite, then D(φ)U(D(ψ) ∧ (ι ∨ D(φ))).
– max∆ As min∆.
– maxbef∆. The discretization trivially holds because φ is fine, and thus, does

not change value during the interval.
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